IFToOMM BENCHMARK PROBLEM
LINEARIZED BICYCLE

Problem Description

The bicycle benchmark is based on the paper by Meijaard et al[1]. The results posted here
are reproduced directly from their paper. The bicycle is modeled as four rigid bodies: the
frame and rider treated as one body, the handlebar and fork assembly, the front wheel, and
the rear wheel. The fork assembly is attached to the frame with a revolute joint representing
the steering head bearing. The location of the steering head bearing is not given, but it must
lie on the steer axis, which is defined by the axis tilt, and the trail (the distance from the
front wheel ground contact to the point where the steer axis intersects the ground plane,
with positive trail indicating the intersection lies in front of the wheel contact). Each wheel
is also attached with a revolute joint at its centre, the front wheel to the fork assembly, and
the rear wheel to the frame. Friction is neglected in all three joints. The wheels are assumed
to be perfectly round, uniform, and ‘knife edged’. The bottom of each wheel contacts the
ground on a horizontal plane. The contact is treated as a rolling constraint, i.e., the lowest
point on the wheel has zero velocity, and must be in the ground plane. The vertical and
longitudinal motion of the contact point is treated as holonomic, i.e., the constraints are
written in terms of position and orientation. The lateral motion of the tire contact point
is treated as nonholonomic, i.e., the constraint is written only in terms of velocities. The
contact point may displace laterally, but only when the wheel steer history allows it. As a
result, the bicycle has two degrees of freedom, in steer angle § and lean angle ¢, that have
dynamic responses. In addition, it has neutrally stable modes in longitudinal, lateral and
yaw motions. The equations of motion are linearized around a fixed forward speed in the
range from o to 10 m/s. The properties of the system are given in Table 1.1. Note that the
sign convention used is the SAE standard, with positive z pointing downward, and that
the rear wheel contact point is taken at the origin.



Table 1.1: Benchmark Bicycle Properties

parameter symbol value for benchmark
wheel base w 1.02m

trail c 0.08 m

steer axis tilt (r/2-head angle) A /10 rad (90°-72°)
gravity g 9.81 N/kg

forward speed v various m/s

Rear wheel R

radius R 0.3 m

mass mg 2kg

mass moments of inertia
rear Body and frame assembly B
position centre of mass

mass

mass moments of inertia

front Handlebar and fork assembly H

position centre of mass
mass

mass moments of inertia

Front wheel F

radius

mass

mass moments of inertia

(IRxxa IRyy)

(B, z8)

mg

IBxx 0 Isz
0 Iy, O

Isz 0 IBzz

(%1, 211)
my
IHxx 0 Isz
0 Ly, O
Isz 0 IHZZ

g
mg
(IFxx > IFyy)

(0.0603, 0.12) kg m?

(0.3, -0.9) m
85 kg
92 0 24
0 11
24 0 28

(0.9, -0.7) m
4kg
0.05892 0
0 0.06
-0.00756 0

0.35m
3kg
(0.1405, 0.28) kg m?

0 | kgm?

-0.00756

0 kg m?

0.00708
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Analysis

From the system parameters, the equations of motion can be formed. If small angle
linearizing assumptions are used, they can be cast in linear second form, as follows.

Mg + vCiq + [gKo + v°Kz]g = 0 (11)
where

q= {?} (1.2)
B 80.81722 2.31941332208709 (1.3)
12.31941332208709  0.29784188199686 3
K. = -80.95 -2.59951685249872 (1.4)
07 1-2.59951685249872 —0.80329488458618 4
K, = 0 76.5973459573222 (15)
2710 2.65431523794604 o
C. = 0 33.86641391492494 (1.6)

17 1-0.85035641456978  1.68540397397560 '

If an exponential solution is assumed, the solution can be cast as a second order
eigenvalue problem.

det[Ms® + vCys + gKo + v°Ky] = 0 (1.7)
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Results

The eigenvalues are now found as a function of speed. The benchmark values are given in
Table 1.2. Note that at zero speed, there are four real eigenvalues. From 1 m/s and above,
there are two real values, and a complex conjugate pair. The file of comparison results
should also list the eigenvalues for speeds from o to 10 m/s. The error should be computed
as the [-norm of the difference between the computed and the benchmark eigenvalues.
Note that a sort may be necessary to to ensure that the correct values are compared. If the
error varies as a function of speed, a representative value can be quoted.

Table 1.2: Eigenvalues

Speed [m/s]

Eigenvalues [rad/s]

0 +3.131 643 247 906 56 +5.530943 717 65393
1 3.526 961709 900 70 +0.807 740 275 199 30i -3.13423125066578 -7.110 080 146 374 42
2 2.682345175127 45 +1.680 662 965 906 751 -3.071586 456 415 14 -8.673 879848 317 35
3 1.706 756 056 639 75 +2.315 824 473 843 251 -2.63366137253667 -10.351014 672459 20
4 0.413253 31521125 +3.079 108 186 032 061 -1.42944427361326 -12.158614 26576447
5 -0.775341 88219585 +4.464 867 713 788 231 -0.322866 42900409 -14.078 389 692798 22
6 -1.526 444 865 841 42 +5.876 730 605 987 091 -0.004 06690076970  —16.085371 230980 26
7 -2.138756 442 583 62 +7.195 259 133 298 051 0.102 68170574766  —18.157 884661 252 62
8 -2.693 486 83581097 +8.460379 713 969 31i 0.143278797 65713  —20.279 408 943 945 69
9 -3.216 754022 524 85 +9.693 773515317 91i 0.15790184030917 —22.437 885590408 58
10 -3.720 168 404 372 87+£10.906 811 394 762 871 0.161053386 53172 —24.624 596 350 174 04
University of Windsor IFToMM Benchmark

Vehicle Dynamics and Control Research Group 4

Fuly 19, 2016



BIBLIOGRAPHY

[1] J.P.Meijaard, J.M. Papadopoulos, A. Ruina, and A.L. Schwab, “Linearised dynamics equa-
tions for the balance and steer of a bicycle: a benchmark and review”, Proc. Roy. Soc. A,

463 (2007), pp. 1955-1982.



	Bibliography

